Results are presented for the nonequilibrium dynamics of a quantum XXZ-spin chain whose spins are initially arranged in a domain wall profile via the application of a magnetic field in the z-direction which is spatially varying along the chain. The system is driven out of equilibrium in two ways: a). by rapidly turning off the magnetic field, b). by rapidly quenching the interactions at the same time as the magnetic field is turned off. The time-evolution of the domain wall profile as well as various two-point spin correlation functions are studied by the exact solution of the fermionic problem for the XX chain and via a bosonization approach and a mean-field approach for the XXZ chain. At long times the magnetization is found to equilibrate (reach the ground state value), while the two-point correlation functions in general do not. In particular, for quenches within the gapless XX phase, the spin correlation function transverse to the z direction acquires a spatially inhomogeneous structure at long times whose details depend on the initial domain wall profile. The spatial inhomogeneity is also recovered for the case of classical spins initially arranged in a domain wall profile and shows that the inhomogeneities arise due to the dephasing of transverse spin components as the domain wall broadens. A generalized Gibbs ensemble approach is found to be inadequate in capturing this spatially inhomogeneous state.
I. INTRODUCTION
Recent years have seen remarkable progress in manipulating cold-atom systems 1 providing us with almost ideal realizations of strongly correlated many-particle systems. Cold atom systems also have the unique feature that the interactions between particles and the external potentials that they are subjected to are highly tunable and can be changed rapidly in time, thus driving these systems into highly nonequilibrium states 2 . This property has in turn motivated a lot of theoretical activity that revolves around studying nonequilibrium time-evolution of strongly correlated systems arising due to a sudden change in some parameter of the Hamiltonian referred to as a "quantum quench". The general consensus is that if the strongly correlated system is integrable, its timeevolution from some arbitrary initial state is highly constrained by the initial conditions so that these systems do not reach the ground state but instead reach interesting nonequilibrium time-dependent or time-independent steady states.
In this paper we study quenched dynamics in one such integrable model, namely the XXZ spin chain. This model shows rich behavior even in its ground state 3 . For example, it exhibits a quantum critical point at J z = ±J where J is the exchange interactions for the x, y components of the spins, and J z is the exchange interaction for the z component of the spins. For |J/J z | > 1, the ground state is an XX phase characterized by gapless excitations, while for |J/J z | < 1, the spins are in an Ising phase where the excitation spectrum has a gap. Note that the special point in the gapless phase corresponding to J z = 0 will be referred to as the XX-model, while the term gapless XX phase will refer to the regime |J/J z | > 1.
Nonequilibrium dynamics of the XXZ model arising due to quenches has been a very active area of research (see for example 4, 5 ). While most previous work has studied quenched dynamics in spatially homogeneous systems, in this work we consider the nonequilibrium timeevolution arising from quenching from an initial state which is spatially inhomogeneous. Such an initial state is created by the application of an external magnetic field in the z direction that varies in magnitude along the chain, changing its sign at some point so that the spins are aligned in a domain wall pattern. (See 6 for an experimental realization of such a setup). We study nonequilibrium dynamics that arise in the following two ways: a). by a sudden quench of the magnetic field to zero; b). by a sudden quench of the magnetic field to zero along with a quench in the magnitude of the exchange interactions. Note that the above are situations where the time evolution is due to a final Hamiltonian that has a spatially homogeneous ground state. We would like to understand how the system evolves in time after the quench, and whether the initial inhomogeneity affects the properties of the system at long times.
Some literature already exists which studies time evolution of a spin chain initially arranged in a domain wall profile. Antal et al 7 study the time evolution of a sharp domain wall in the exactly solvable XX model and find ballistic broadening of the domain wall width. Similar studies for the time-evolution of a domain wall has been carried out for the XX model [8] [9] [10] and the critical transverse spin Ising model 8, 11 . The numerical method time-dependent density matrix renormalization group (t-DMRG) has been used to study the time-evolution of a domain wall both in the gapless phase as well as the gapped Ising phase of an XXZ chain 12, 13 . Their study reveals qualitatively different behavior in the two phases, with ballistic broadening of the domain wall in the gapless phase, and more complicated non-ballistic behavior in the Ising phase. In addition conformal field theory methods 14 have been used to study both the timeevolution of the domain wall profile as well as two-point correlation functions for the Ising chain. Studies also exist on the time-evolution of other quantities such as the entanglement entropy after a quench from a spatially inhomogeneous initial state 15, 16 . Thus what is lacking in the literature is the study of the time evolution of twopoint correlation functions for the XXZ chain from an initial inhomogeneous state. The advantage of studying these quantities is that they are often more sensitive to nonequilibrium initial conditions than averages of local quantities such as the magnetization.
In this paper we extend previous results by studying the time evolution of both the local magnetization as well as two point correlation functions related to the longitudinal (along z direction) and the transverse spin correlation function for the XXZ chain. In addition we use a variety of theoretical methods such as bosonization, exact solution of the fermionic problem as well as a classical treatment of spins which allows us to compare the relative merits of these approximations. Consistent with previous results, we find that the magnetization always equilibrates (i.e, reaches the ground state value). In addition the details of how the domain wall profile evolves in time depend on whether the system after the quench is in the gapless phase or the gapped Ising phase 12, 13 . For example in the gapless phase the domain wall is found to spread out ballistically, however in the gapped phase the dynamics is much more complicated showing oscillations and revivals at short time scales.
In studying the time-evolution of two-point correlation functions we obtain the interesting new result that the transverse spin-correlation function shows a lack of equilibration reaching a nonequilibrium steady state that is also spatially inhomogeneous. The length scale of the spatial inhomogeneity is found to depend on the details of the initial domain wall profile and is found to arise due to the dephasing of transverse spin components as the domain wall broadens. This result is qualitatively different from those obtained for the Ising chain initially arranged in a domain wall profile where no residual inhomogeneity was observed 14 . The paper is organized as follows. In section II we study the XX model which is initially subjected to a spatially varying magnetic field so that the spins are arranged in a domain wall profile. We study the nonequilibrium dynamics that arises when this magnetic-field is suddenly switched off. These results are obtained for two cases. One for an initial external magnetic field that varies linearly in position and is equivalent to an effective electric field on the fermions. The second case is that of an initial magnetic field which has a sharp stepfunction profile. In section III the effect of quenching only a spatially varying magnetic field in the XX model is studied via a bosonization approach. The results of section II and III are found to be in qualitative agreement and in particular recover ballistic domain wall motion and spatial inhomogeneities in the transverse spin correlation function. A physical explanation for this inhomogeneity is provided in section IV where the problem of quenching a spatially varying magnetic field is studied classically and a spin-wave pattern is obtained as a long time solution of a Landau-Lifshitz equation.
In section V, the effect of simultaneously quenching the magnetic field and interactions is studied using a bosonization approach. In section V A results are presented for the case when the quench is entirely within the gapless XX phase. The spatial inhomogeneities in the correlation functions are recovered along with the nonequilibrium exponents obtained earlier in a purely homogeneous interaction quench 17, 18 . In section V B the effect of quenching into the gapped Ising phase is studied via a semiclassical approach. Here we find the domain wall dynamics to be qualitatively different, however at long times we find that all inhomogeneities eventually decay away. The latter result may very well be an artifact of the semiclassical approach which neglects creation of solitons. The results of the semiclassical approach is complemented by a mean-field treatment in section VI where we address the question of whether Ising order can develop for a system initially in a domain wall state. Finally we conclude in section VII.
II. QUENCH OF A SPATIALLY VARYING MAGNETIC FIELD IN THE XX MODEL: EXACT SOLUTION OF THE FERMIONIC PROBLEM
In this section we will study the XX model with a magnetic field in the z direction that varies linearly in position and changes sign at the center of the spin chain, so that the ground state is a domain wall configuration. In subsection II A we will study the properties of this domain wall state, and in subsequent subsections study the nonequilibrium time-evolution arising when the the spatially varying magnetic field is suddenly switched off.
A. Creation of domain-wall state
Our starting point is the XX Hamiltonian in a magnetic field,
where
Pauli matrices, h j is an external magnetic field aligned along theẑ direction, and J is the exchange energy. For a uniform magnetic field one commonly employs the Jordan-Wigner transformation [19] [20] [21] [22] to map the spin system to a system of spin-less non-interacting fermions which can be easily diagonalized (for details see Appendix A).
To create an inhomogeneous state we will consider a linearly varying field h j = F ja, where a is a lattice spacing. Note that the ground state properties of spin-chains in various spatially varying magnetic fields has been studied in 23 . After the Jordan-Wigner transformation Eq. 1 for h j = F ja maps to the Wannier-Stark problem Upon noting that the support of J n (x) is restricted to 26 |n| ≤ x, and using the identity 27 n J 2 n (x) = 1, it is easy to see that this indeed describes a domain-wall state of width α. Eq. 9 is also plotted in Fig. 1 . It is worth noting that the case of α = 0 corresponds to an infinite "electric field" F that forces a sharp wall of zero width. This case was investigated by Antal et al 7 . We will extend some of their results to more general domain walls, and also study spin-spin correlation functions.
The basic spin correlation functions that we will compute are,
where we will refer to C zz (C xx ) as the longitudinal (transverse) spin correlation function. These may be expressed in terms of Majorana operators 19 A j = c † j + c j , and B j = c † j − c j as follows,
and 
Using some Bessel function identities, the mixed contraction can be simplified to
Since we encounter no contractions of the form A i A i , the function C xx (j, j + n) may be written 19 as a Toeplitz determinant which is a computationally cheap task. In the next sub-section when we evaluate the correlation functions after a quench of the magnetic field, we will find A j A j+n = 0 in the nonequilibrium state. In this case, the evaluation of C xx will require computing the square root of a determinant 21 . The correlation functions C zz and C xx for α = 50 are given in Fig. 2 and Fig. 3 respectively. The main point to notice here is that close to the center of the domain wall where the external magnetic field is small, the correlations tend to mimic those in the ground state of the homogeneous (h j = 0) XX model. For example, the nearest neighbor longitudinal spin correlation function in the absence of a magnetic field is 22 C zz eq (n = 1) = − 1 π 2 . This is precisely the value that the C zz (j, j + 1) correlation function takes in Fig. 2 at the center of the domain wall.
B. Domain wall dynamics after the magnetic field quench
We will now explore the dynamics that arises when the spatially varying magnetic field is suddenly switched off at t = 0 i.e., h j (t) = θ(−t)F ja. Thus at t < 0 the many-body wavefunction of the system is Eq. 7, while for t > 0, as shown in Appendix A, the wave-function evolves according to the Hamiltonian,
where ǫ k = −J cos(ka). The time-dependent magnetization is given by The time-evolution of c j , c † j in terms of the η m operators is given in Eqns. A6, A7 from which we obtain
Evaluating the integral, we find
This corresponds to a wall whose width W = (Jt) 2 + α 2 increases linearly and hence ballistically in time with a velocity of Ja for times t > α/J. Setting α = 0, we recover the result of Antal et al 7 . Note that the time-evolution of the entanglement for general α has been studied in 15 .
C. Correlation functions after the magnetic field quench
We now turn to the evaluation of the longitudinal and transverse correlation functions given in Eqns. (11) and (12) at a time t after the quench. The basic contractions that we need are B j (t)A j+n (t) and A j (t)A j+n (t) for which we find the following expressions
with r = (Jt) 2 + α 2 and tan δ ≡ Jt/α. As before, we have B j (t)B j+n (t) = − A j (t)A j+n (t) and
The transverse correlation function C xx (j, j + n, t) is given by
where C is the anti-symmetric matrix
with the n × n sub-matrices defined by
Note that both S and Q are anti-symmetric, and thus defined by the elements with k > i, while no such restriction is placed on G.
The numerical evaluation of the above expression for α = 25 is shown in Fig. 4 for three different times: t = 0, an intermediate time and for long times where one finds the appearance of a spatially oscillating pattern at the scale of the Fermi-wave vector k F = π/2.
In order to get some insight into the long time behavior of the system, we consider the limit of r → ∞ while imposing the condition j, j+n ≪ r on the two position indices of the correlation functions. This limit corresponds to a very broad domain wall which may arise either due to a very weak electric field α ≫ 1 at arbitrary times t (and hence arbitrary δ) or could arise on waiting long enough after a quench so that an initial narrow domain wall has had enough time to broaden. The condition on the position indices imply that we are looking at correlations in the vicinity of the center of the domain wall where the magnetization has locally equilibrated. Using the asymptotic expansion for the Bessel functions with large arguments 27 , we find
Substituting the asymptotic expansions in Eq. 28, Eq. 29 we find,
where C ab eq (n) is the equilibrium result (i.e. the result in the ground state of H f ) for the ab correlation function 22 . Employing the asymptotic expansions in the evaluation of C xx (j, j + n), we have verified through n ∼ 1000 that
where C xx eq (n) is the equilibrium value of the xxcorrelation function 19 which has the asymptotic form 29 ,
with log κ =
The appearance of these oscillations at a wave-length of λ = 4 where
is indeed intriguing. To understand better what sets this length scale, we study more general initial domain walls. The one considered so far has the maximum possible positive (negative) polarization of S z = ±1/2 on the left (right) ends of the domain wall, with a width of the domain wall controlled by α = J F a . Antal et al 7 have shown how to construct domain walls of zero width (α = 0) but arbitrary polarization ±m 0 at the two ends. Starting with this initial state i.e,
we study the time-evolution under the XX model and extend the results of Antal et al to the study of the transverse spin correlation function. Details of the computation are given in Appendix B. In the long time limit of Jt → ∞, analytic expressions for contractions in Eq. 28, 29 generalize to Eq. B9. These can then be used to construct the determinant of C (Eq. 23) required for the computation of C xx . The results for C xx in the long time limit for several different domain wall heights m 0 are shown in Fig. 5 . Indeed we see the appearance of a spatial oscillation where the wavelength depends on the height m 0 of the domain wall as follows,
Thus the main results of this section on the effect of quenching a spatially varying magnetic field in a XX model are as follows: a). An initial domain wall spreads out ballistically after the magnetic field quench so that the magnetization equilibrates to its homogeneous ground state value of m z = 0. For a sharp domain wall, (α = J F a ≪ 1), the magnetization at a distance na from the center of the domain wall begins to equilibrate after a time Jt ∼ na. This is an example of the horizon effect 30, 31 , namely the minimal time required for ballistically propagating excitations from the center of the domain wall to reach the observed point; b). Another consequence of the horizon effect is that any two point correlation function C ab (j = 0, n) is found to change significantly only after times 31 Jt > |n| for α ≪ 1; c). The C zz (j, j + n) correlation function eventually equilibrates (i.e. reaches the ground state value) at long times where the approach to equilibrium is a power-law of O( 1 Jt ); d). The C xx (j, j + n) correlation function reaches a nonequilibrium steady state at times min( α 2 + (Jt) 2 , tF a) ≫ 1 to a value given by Eq. 34 which is basically the ground state correlation function with oscillations at a wave-length λ = 2 m0 superimposed on it, where m 0 is the height of the domain wall, i.e., the magnitude of the maximum polarization at its two ends.
Note that the effect of quenching from an initial domain wall state was also studied in 14 for the critical transverse spin Ising model ( i S x i S x i+1 + i S z i ) using the methods of boundary conformal field theory. Our results for the XX model differ from those of 14 in two important ways. One is that at long times we recover a spatial spin-wave pattern that was not captured in 14 . Secondly at long times after the quench, our two-point correlation functions continue to be critical (i.e., have a power-law decay) whereas the results of 14 point to thermal behavior with exponential decay in the two-point correlation function. The differences between these results are due to the very different universality classes and conservation laws of the XX model and the transverse spin Ising model. For example, while the total magnetization in the z-direction is conserved in the XX model, it is not conserved in the Ising model. As a result the magnetization has a nontrivial time evolution in the Ising model even for points outside the domain wall horizon, which eventually gives rise to a thermal behavior. In addition, as we shall show in section IV, the appearance of the spinwave pattern in the transverse spin correlation functions in the XX model is due to precession of spins in an effective magnetic field created by the initial domain wall. This precessional physics is absent for Ising spins.
We would also like to point out that the spatial oscillations found by us have also been observed in a different physical setting by Rigol et al 32 who have studied inhomogeneous quantum quenches for one-dimensional hard-core bosons. Via a Jordan-Wigner transformation hard-core bosons in one dimension can be mapped onto a system of spinless fermions. The physical situation considered by Rigol et al was one where an initial strong confining potential produces a local region of high density. (In the spin language this would correspond to creating a pile up of magnetization in the center of a spin-chain). The time evolution of the system when this confining potential was suddenly switched off was studied. The initial inhomogeneity was found to move out ballistically in two opposite directions. Moreover, the analog of the transverse spin correlation function which in the boson language corresponds to the off-diagonal matrix element was found to show spatial oscillations in the two outgoing lobes. (This is somewhat different from our set-up where the spatial oscillations appear at the center of the chain and extend over longer portions of the chain as the domain wall broadens). For an initial tight confinement, Rigol et al found that the oscillations in the lobes appeared at precisely the same wave-length of λ = 4 that we find here for a domain wall of height m 0 = 1/2. For the case of bosons, these oscillations had the physical interpretation of the appearance of quasi-condensates at the wave-vector k F = ±π/2. A similar observation that an initial spatial inhomogeneity for a system of hard core bosons can lead to correlations in momentum space was also made by Gangardt et al 33 .
In subsequent sections we will study the effect of quenching a spatially varying magnetic field with and without an interaction quench in a XXZ chain using a bosonization approach. For quenches within the gapless XX phase, results of this section, namely critical behavior in the two-point correlation function even after the quench, and the presence of spatial inhomogeneities will be recovered. In addition we will find that the wavelength of the inhomogeneity depends on the strength of the exchange coupling J z (and hence the Luttinger interaction parameter).
III. QUENCH OF A SPATIALLY VARYING MAGNETIC FIELD IN A XXZ CHAIN: BOSONIZATION APPROACH
In this section we will study a general XXZ chain which is subjected to a time-dependent spatially varying magnetic field. The most convenient way to study this problem is via the bosonization approach. We first review some of the notation. 
A. Equilibrium correlations
The hamiltonian for the XXZ-spin chain in a magnetic field is
The above can be mapped onto a Luttinger liquid with a back-scattering potential 3 ,
dx cos(4φ(x)), (38) where g = J z a, and the fields θ and φ are defined in terms of the boson creation/annihilation operators as
, and : · · · : denotes normal ordering of operators. In the continuum limit, we interpret x = ja for some integer j and lattice spacing a. The coupling-parameter relationships are
For an xy anti-ferromagnet (J > 0), the mapping from spin language to boson language is given by
In equilibrium and zero magnetic fields, the magnetization and basic physical correlations in the gapless antiferromagnetic XX phase are
where the C j are non-universal constants. The antiferromagnetic Hamiltonian may be transformed to a ferromagnetic Hamiltonian by the transformation S ± j → (−1) j S ± j , resulting in ferromagnetic operatorŝ
As a consequence, the magnetization and spin correlations in the gapless ferromagnetic XX phase are,
B. Magnetic field quench in the XX model (K = 1)
Diagonalization
In this section we will study the time-dependent Hamiltonian
We choose a point in the XX phase corresponding to the XX model K = 1 and u = v F . Thus,
so that the initial state at t ≤ 0 is the spatially inhomogeneous ground state of H i . The magnetic field h(x) is suddenly switched off at t = 0 so that the system evolves according to
Since Eq. 54 basically represents harmonic oscillators subjected to an electric field, it may be easily diagonalized by the shift,
where,
and h p is the Fourier transform of h(x). Taking h(−x) = −h(x) (corresponding to a magnetic field that is antisymmetric in space allowing for a domain wall solution), this gives
For some time t after the quench, it is straightforward to show that
Since we will be computing expectation values with respect to an initial state which is the ground state of the a p operators, φ a , θ a will just return the equilibrium results. Thus the effect of the shift and hence the initial magnetic field is contained entirely in
For any antisymmetric h(x) the above reduces to,
where sgn[x] ≡ x/|x|, and z ± = x ± v F t.
The above implies that the magnetization before the quench is
Thus within the bosonization approach, the magnetization follows the magnetic-field profile.
Magnetization and Correlations after the quench
The magnetization at some time t after the magneticfield quench is
As anticipated, the domain wall spreads out with speed v F in both directions. This result is consistent with the ballistic time-evolution found in section II from the exact solution of the fermionic problem. Next we turn to the evaluation of the C xx correlation function which from the exact solution of the fermionic model was found to be Ŝ x j+nŜ x j → cos
was the equilibrium correlation function, and the wavelength of the oscillation was found to be λ = 2 m0 , m 0 being the height of the domain wall (or the magnitude of the maximal magnetization at the ends of the domain wall).
In the bosonization approach,
Let us suppose
implying
Then we find,
vF t,|vF t±x|,|vF t±(x+n)|≫ξ
For v F t >> |x|, |x + n|, i.e, long after the moving domain wall front has crossed the two observation points at x and x + n, we find
so that
Thus we find that for an initial domain wall that has the profile
the transverse spin correlation function at long times do not equilibrate but acquire a spatial oscillation at the wavelength
This result is identical to that obtained from the exact solution of the fermionic problem (Eqns. 34, 36) . Note that the wavelength of the spatial oscillation is set by the height of the domain wall m 0 and is independent of the width ξ (or α = J F a in the fermionic problem). For the case of a linearly varying magnetic field studied in the previous section, the domain wall magnetization approached its maximum possible value ∓ 1 2 at its two ends. This in the boson language corresponds to
so that writing n =na in Eq. 76, wheren is an integer,
giving us precisely the observed behavior of Eq. 32.
For the evaluation of the S z S z correlation function, we need to evaluate exp [iδφ(x + n, t) − iδφ(x, t)]. We find, δφ(x + n, t) − δφ(x, t) = The above result together with the fact that
implies that for v F t ≫ ξ, |x|, |x + n|, the C zz correlation function equilibrates which is in agreement with the results in section II.
To summarize the results of this section: a). Within the bosonization approach, an applied magnetic-field produces a spin pattern that follows the local magnetic field. b). After a quench, the domain wall spreads out ballistically. The magnetization equilibrates (in this case vanishes to zero everywhere). c). The C zz correlation function equilibrates, whereas the C xx correlation function acquires spatial oscillations at wavelength λ = 2 m0 where m 0 is the height of the initial domain wall defined as S z (±∞) = ±m 0 . These results are in agreement with the exact results of section II obtained from solving the fermion lattice problem. Thus bosonization is good at capturing the behavior at long distances and times, even for the nonequilibrium problem. As expected it misses some of the details of the short distance physics both in the static properties (as shown in Fig. 6 ), as well as during the time-evolution such as the existence of a complex internal structure in the propagating domain wall front 34 .
In the next section we provide an explanation for the inhomogeneities observed in the transverse spin correlation function by solving the classical equations of motion for the spins. 
IV. MAGNETIC FIELD QUENCH IN A CLASSICAL XX SPIN CHAIN: FORMATION OF A TRANSVERSE SPIN-WAVE PATTERN
The Hamiltonian in Eq. 1 implies the following equations of motion for the spins
We will treat the spins as classical variables, and solve the above equations for a sudden quench of a spatially inhomogeneous magnetic field, h j (t) = h j θ(−t). First notice that for t ≤ 0, after performing the course-graining S a j = S a j+1 , the following spin profile satisfy the equations of motion,
With the above as an initial condition, the dynamics for t > 0 can be easily studied numerically and we find a ballistic spreading out of the domain wall profile (see Fig. 7 ), and the appearance of a spin-wave pattern. The latter result, i.e., the appearance of an inhomogeneous pattern at long times can be verified analytically rather easily as follows. Suppose, h j (t) = −h 0 tanh Then for t > 0, if we assume a ballistic broadening of the domain wall,
Writing Eq. 84, 85 in terms of S ± = S x ± iS y , and performing a course-graining, one obtains the following equation for S + (x = ja)
Using Eq. 89, Eq. 90 may be easily solved to obtain
Thus for vt ≫ |x| we find the spin-wave pattern
in agreement with the results of the previous sections. Thus the appearance of the spatial inhomogeneity may be understood as follows. Right after the magnetic field is switched off, the spins in the XY plane begin to precess due to a non-zero magnetization in the z-direction. However this precession only lasts for as long as it takes the domain wall profile to flatten out to zero. Since this time is different for spins located at different spatial positions, the spins locally dephase with respect to each other and arrange themselves in a spin-wave pattern.
V. QUENCH OF A SPATIALLY VARYING MAGNETIC FIELD AND INTERACTIONS IN A XXZ CHAIN: BOSONIZATION APPROACH
A. Quench within the gapless XX phase
We will now turn our attention to the case where as the magnetic field is switched off at t = 0, the interactions are also turned on so that the Luttinger parameter is K = θ(−t) + Kθ(t). We will first consider the case where the ground state both before and after the quench corresponds to a gapless XX phase, so that the cos(βφ) term can be neglected.
Bogoliubov rotation
We wish to begin with a non-interacting system in an inhomogeneous magnetic field,
and quench to zero field, while turning on interactions so that
The η p operators have a simple time evolution and may be related to the b p operators by a Bogoliubov rotation 17, 18 ,
where e −2β = K. We define,
and α ± ≡ f (p, t) ± g(p, t). Performing the shift b p = a p + λ p as before, we write the φ and θ fields as (φ,
The δ(φ, θ) arise due to the spatially varying magnetic field and are given by,
where δφ(x, t, β = 0, v F ), δθ(x, t, β = 0, v F ) are given in Eq. 65 and 66 respectively.
Magnetization after the quench
It is straightforward to show that the magnetization at a time t after the quench is
Thus even with the interaction quench, the domain wall spreads out ballistically, but with the renormalized velocity u = v F /K.
Basic non-equilibrium correlations
To compute the correlation functions, some basic expressions we need are
Note that G θθ is related to G φφ by K → 1 K the computation of which is identical to that already presented in 17, 18 . For completeness we present the results below,
which eventually gives
Spin correlations after the quench
Taking the 2ut >> x limit, we can easily obtain the correlator asymptotics. The memory of the initial domain wall profile appears as oscillatory pre-factors of the form exp[2i(δφ(x + n) − δφ(x))] and terms such as ∇δφ(x + n)∇δφ(x). For the specific case of h(x) = h 0 tanh(x/ξ) we find at long times,
The case of the pure interaction quench (h 0 = 0) was studied in 17, 18 where the above anomalous power-laws corresponding to an algebraic decay which is faster than in equilibrium (since K 2 + 1 ≥ 2K for all real K) were obtained. From Eq. 112 we find that the effect of an initial domain wall profile is to superimpose spatial oscillations onto this decay, where the wavelength of the oscillations depends on the interaction parameter K and is found to be
As expected, increasing the exchange interaction J z increases the effective magnetic field seen by the precessing spins, thus decreasing the wave-length of the spin wave pattern.
Generalized Gibbs Ensemble
Rigol et al have made the interesting proposal that the long-time properties of out of equilibrium integrable systems may be captured by a generalized Gibbs ensemble that enforces the constraints imposed by the integrals of motion 35 . This approach has been applied with success by Iucci and Cazalilla 17, 18 who studied homogeneous interaction quenches in models similar to those studied in this paper. It has also been successfully applied to models of free bosons 36 , and for some general family of integrable models
37 . An interesting question has been to identify situations in which the Gibbs ensemble argument might break down 38, 39 . We find that for an inhomogeneous quantum quench starting from an initial domain wall state, the Gibbs ensemble argument cannot capture the spatial inhomogeneities at long times after the quench. In this section we review the Gibbs ensemble argument and show why this does not work for our case.
Consider a quantum quench of the form H = H i θ(−t) + H f θ(t), so that for t ≤ 0 the system is in the ground state of H i , whereas at t > 0, the wave-function begins to evolve according to H f . Let us further assume that both H i and H f can be diagonalized
and that the two Hilbert spaces may be related to each other via a canonical transformation. For the case of bosons a general canonical transformation is of the form,
where λ p is a linear shift and Θ p is a rotation angle . The essential idea behind predicting the long-time behavior is that an integrable model such as H f has a conserved quantity for every degree of freedom. For the example given above, the conserved quantity is trivially given by I p = b † p b p . Thus during the time-evolution b † p b p should be conserved. Since the initial state is the ground state of H i for which a † p a p = 0 for p = 0, it follows that the Gibbs' ensemble should be characterized by the distribution function
For the particular models studied here, we find the initial spatial inhomogeneity is captured by the linear shift λ p (given by Eq. 59), while the angle Θ p captures the homogeneous changes in the interaction parameter. Since in our example |λ p | 2 vanishes in the thermodynamic limit, any effect of the initial spatial inhomogeneity is lost. Thus while the Gibbs ensemble captures the effect of the rotation, and therefore correctly predicts the new power law exponents of 17 , it misses the spin-wave pattern at long times. In particular the Gibbs ensemble prediction for the transverse spin correlation function is given by
which differs from the correct answer (Eq. 112) by the absence of the spatially oscillating factors e ih 0 n v F K .
B. Magnetic field and Interaction quench into the gapped Ising phase: Semiclassical treatment
In this section we will study the effect of quenching the external magnetic field and the interactions into the massive Ising phase where the cos φ term is strongly relevant. In order to study the time evolution, we will employ a semi-classical approximation which corresponds to replacing cos φ ∼ 1 − φ 2 2 . Thus for this case the initial wave-function is the ground state of
while for t > 0 the wave-function evolves according to
The calculations mirror that of the previous section. Writing φ = φ a + δφ, θ = θ a + δθ, we find for a time t after the quench
and
Magnetization after the quench
The magnetization at a time t after the quench is given by
x πα cos(2φ(x, t)) . Due to the presence of infra-red divergences, we find that for all times after the quench,
so that Ising order never develops. This is consistent with the results of 18 and may be an artifact of the semiclassical approximation. In section VI we will compare this result with a mean-field treatment for the orderparameter dynamics.
Thus, within the validity of the semiclassical approximation we find the following time evolution for the initial domain wall profile,
The above is plotted in Fig. 8 for several different masses. The domain wall profile shows a more complex time evolution than for the quench in the gapless phase where a simple ballistic broadening of the domain wall occurs. In the Ising phase instead we find oscillations of the local magnetization at the frequency of the mass. In addition the domain wall spreads out less and less as the mass increases, a result which is in agreement with a t-DMRG study of the XXZ chain 12, 13 . Note however that we find oscillations of the magnetization outside the light-cone at the time-scale of 1/m. This is due to the nature of the Klein-Gordon equation ∂ We also find that the magnetization eventually equilibrates at long times. Fig. 9 shows the time evolution for the magnetization for a given point in position space. At long times Eq. 129 may be evaluated in a stationary phase approximation which gives,
showing that the magnetization decays locally as a power-law.
Correlation functions after the quench
Here we give results for some typical spin correlation functions. Again, due to the presence of infra-red divergences, the transverse-spin correlation function is found to vanish at all times after the quench,
On the other hand the z − z correlation function is found to be For a purely interaction quench (δφ = 0) we find a power law decay in the Ising phase with an exponent which is half of that in the initial gapless phase, a result which was also found by 18 for homogeneous quenches. The initial domain profile superimposes the additional structure Thus at long times, the spatial oscillations due to the initial domain-wall eventually decay to zero.
VI. EFFECT OF QUENCHING A MAGNETIC FIELD AND INTERACTIONS: MEAN-FIELD TREATMENT
In this section we will use a mean-field argument to explore whether after quenching both a magnetic field as well as interactions, local anti-ferromagnetic (AF) Ising order can develop. Thus our initial wave-function corresponds to the ground state of the following Hamiltonian dt n (t = 0) = 0 to all orders in n, so that antiferromagnetic order (∝ k τ x k ) will not develop.
VII. CONCLUSIONS
In summary we have studied quenched dynamics in a XXZ chain starting from an initial inhomogeneous state where the spins are arranged in a domain wall profile. The dynamics of the domain wall is found to be qualitatively different within the gapless XX phase and the gapped Ising phase. In the former the domain wall broadens ballistically, while in the latter the domain wall spreads out less and less the deeper one is in the Ising phase. The magnetization is locally found to oscillate, and eventually decays as a power-law. Although the results in the Ising phase were obtained within a semiclassical treatment, they are in qualitative agreement with t-DMRG simulations of the XXZ chain 12, 13 . We have also presented results for the time-evolution of two-point correlation functions. For quenches within the gapless XX phase we find that the longitudinal spin correlation function (C zz ) reaches a steady state which is independent of the initial domain wall. On the other hand, the transverse spin correlation function (C xx ) reaches a nonequilibrium steady state which retains memory of the initial domain wall. This memory appears as an inhomogeneous spin wave pattern with a wavelength which is inversely related to the height of the initial domain wall. This result was obtained by using three different methods: exact solution of the fermionic problem (Eqns. 34, 36) , bosonization (Eqns 112, 114) and the solution of the classical equations of motions for spins (Eq. 92). The spatial oscillations are found to arise due to the dephasing of transverse spin components as the domain wall broadens. We also find that a Gibbs ensemble argument is not adequate in capturing the spin wave pattern.
For quenches into the gapped Ising phase, all inhomogeneities both in the local magnetization and in the two-point correlation functions are found to eventually decay away. This may be an artifact of the semiclassical approximation which neglects soliton creation. 18 We would also like to point out a recent preprint 41 that studies time-evolution of an initial domain wall in the gapped Ising phase using Algebraic Bethe Ansatz. The authors study the Loschmidt echo and find a lack of thermalization.
Finally we perform a mean-field treatment for the time-evolution of the anti-ferromagnetic Ising gap and find that for an initial state corresponding to a domain wall profile, anti-ferromagnetic order never develops. This should be expected on the grounds that the initial domain wall profile corresponds to a highly excited state of the anti-ferromagnetic Ising model.
